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Abstract 

We prove that if Uf^{Q) is a quasitriangular QUE algebra with universal R- 
matrix R, and ^^(G*) is the quantized function algebra sitting inside Uj^{q), then 
hlog{R) belongs to the tensor square ^^(G*)(8i^^(G*). This gives another proof 
of the results of Gavarini and Halbout, saying that R normalizes tfff^{G*)(^fff^{G*) 
and therefore induces a braiding of the formal group G* (in the sense of Weinstein 
and Xu, or Reshetikhin). 

§ Introduction 

Let {Q,r) be a finite-dimensional quasitriangular Lie bialgebra over a field k 
of characteristic 0, and let {Uf^{Q),R) be a quasitriangular quantization of {Q,r). 
Recall that this means that (see [pr|]): 

(1) (g, [—,—], 5) is a Lie bialgebra, r G g (g) g is a solution of the classical Yang- 
Baxter equation, and the cobracket 5 : — > A^(0) of g is given by 5{x) = [x® 
1 + 1 (g)x,r] for X G g; 

(2) (?7^(g),m,A) is a quantized universal enveloping (QUE) algebra {m is the 
product of Uf^{Q), A is its coproduct), R € f/;j(g)®^ satisfies the quasitriangular 
identities: 

{A (S) id) (R) =R^^R^\ {id (S) A) (R) = R^^R^^ , 

(id(g)£)(/?) = {e®id){R) = 1, A°p = Ad{R) oA, 
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where Ad{R){x) = RxR^ for x G U^^id)^^, and 

^(R-l) modhj =r; (0.1) 

here (g) denotes the ^-adically completed tensor product, the map x ^ (xmod^) 
is the canonical projection 

k[lh]] 

and r is viewed as an element of U (g)®^. For n>0, let us denote by 5„ : Uf^{Q) — > 
[/^(g)®" the map 

4 = (id-T]o£)®"oAW, 

where A^") : ?7;^(0) — > ?7^(0)®" is the «-th fold coproduct and T], £ are the unit and 
counit maps of Uf^{g). Set 

ff^{G*) = {xe u^ie) I yn > 0, 4W e u^{q)H 

Then a classical result (see [Dr, Ga]) says that is a quantization of the 

Hopf-Poisson algebra 0'{G*) of functions on the formal group corresponding to 

0* (so ff{G*) = U{Q*y). 

According to we have /? G 1 + 7it/^(g)®2. Solog(/?) = I (-1)"^^^ 

n>\ 

is a well-defined element of ^?7^(g)®^. 

Theorem 0.1. Set p = ;^log(/?). T/jen p fte/ong^ ?o ^^(G*)®^ fj/j/^ is a subal- 

gebra of U^{q)®^). /^m^ is the augmentation ideal of ^^(G*), we even have 
p G (m^)®2 

Here (§) denotes the completed tensor product of formal series algebras. As a 
corollary, we obtain a result of [ ]GH| ]. 

Corollary 0.2. ( PpH\ l) The R-matrix R normalizes ^^(G*)®^, in other words, 
Ad{R) : U^ie)^^ Uf^iQ)®^ restricts to an automorphism o/^^(G*)®2. 



Gavarini and one of us (see [ pH[ ]) derive from this result that Ad(/?)|^Q, the 
reduction mod h of Ad{R) is an automorphism of ^^(G*)(8'^^(G*), satisfying the 
braiding identities of [ |WX[ ] or [Re]. In a forthcoming paper, we plan to prove that 
this braiding coincides with the braiding defined by Weinstein and Xu in [ WX]. 

This paper is organized as follows: we prove Theorem ^ in Section 2.b. This 
proof uses a combinatorial result on universal Lie algebr as F/ ^ , which is stated 



and proved in Section 1 . In Section 3, we prove Corollary |0^ using Theorem |0J^ 
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§ 1 A theorem on the universal Lie algebra F^^ 

In this section, we introduce a Lie algebra F^^^ (Section l.a). This Lie alge- 
bra is universal for the following situation: A is an algebra, p G A®^, and we con- 
sider elements p''^ G j^M^+p)^ j ^ _ ^n}, j e {n+ I, . . . ,n + p}. We construct 
elements 5^^^ in a completion of F^^^ using the Campbell-Baker-Hausdorff se- 



ries (Section l.b). The main result is Theorem 1.2 on the valuation (for the total 
degree) of 5^^ It will be used in Section 2 to prove Theorem ^ on the ^-adic 
valuation of universal /^-matrices. 

Let n,phe. integers > 1. 

- a - The Lie algebra f 

Let us denote by Free^^^^^ the free Lie algebra with generators 3c^ y, where 
(/, j) G {1, . . . ,«} X {1, . . . ,/?}. Let us denote by F^^^ the quotient of Free^^ by 
the relations 

[^■j '-^'-',/] = ^ ^'^^ ^ ^ j ^ 
We denote by Xj j the image of ^ j in Free^^^ ^y The Lie algebra Free^^ is graded 
by © N£/. x where deg(x,- ■) = e,. We call this grading the fine 

(,',;)e{l,...,«}x{l....,p} ^''J> ^''J> 

degree. Free^^ has also a N-grading which we call the total degree; the total 

degree of j is 1. These gradings induce gradings on F^^^ ^y 

For A = FreCj^^^j or F^^^ and k G ©^.^jNe^. ^.^ (resp., k G N), we denote by A^ 

(resp., A^) the fine degree k part (resp., total degree k part) of A. We denote by A 
the completion of A with respect to the total degree. So 

k>0 

- b - The Campbell-Baker-Hausdorff series 

If A'^ is an integer, let us denote by Freely the free Lie algebra with generators 
3cj, . . . ,3c)y and by Freely its completion with respect to the total degree. There 
exists a series 

G Freely, 

such that the identity 

exp(i'j * • • • = exp(Jj ) • • • exp(J^) 

holds in the completion Freealg^y of the free associative algebra Freealg^ with 
generators Xj , . . . , J^, with respect to the total degree (see [^o|]). 

Let g be a N-graded Lie algebra, so g = © 0„ and let g be its completion; 

so = n 0n- If , . . . ,x„ are elements of g, with valuation > 0, then there is a 

n>0 
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unique continuous Lie algebra morphism K : Free^ g, taking each to x^. We 
then define 



- c - The elements d, ^ of F, ■, 

(n,p) (n,p) 



Definition 1.1. We set 

l<r, <-<!j<«, 



i<ii<-<7j<p 



(X; ■ -kX- ■ -k----kX- X- ■★•••★X; ■ X; ■ -k----kX: 



According to Section 1-b, the element 5^^^ belongs to F^^^ 



Theorem 1.2. The valuation of 5^^ p)^^'' total degree of F^^ is >n + p —\. 
Proof. For ^ G © N£/. - we denote by 5, ^ ^ the fine degree k 

(i,;)e{l,....«}x{l,...,p} ^''^> 

component of 5^,,^)- Define the support of k, supp(^) as the set of all pairs (/, j) 
such that {i,j) / 0. If S is a subset of {l,...,n} x {1, . . . ,p}, we call the i-th 
column of S the intersection of S with the i-th column {/} x {1, . . . ,p}, and the 
j-th line of S its intersection with the j'-th line {I,... ,n} x {7}. If 5j is a subset 
of { 1 , . . . , «}, we denote by Sy its complement { 1 , . . . , «} \ S'p if ^2 is a subset of 
{1, . . . ,p}, we denote by its complement {1, . . . ,p} \S2- We will show: 

Proposition 1.3. For each k e (Br ■\ N£.. we have 5, , = unless S = 
supp(^) satisfies the following conditions: 

(1) each column of S is nonempty; 

(2) each line ofS is nonempty; 

(3) ifS^ C {1, . . . ,n} and ^2 C {1, . . . ,p} are proper subsets (i.e., they are non- 
empty as well as their complements) then S (S^ x 52) U (5j 'xSj)- 

Proposition 1.4. If S is a subset o/{l,...,?i} x {1,...,/?} satisfying conditions 
(1), (2) and (3) of Proposition Ol then card(5') >n + p — \. 



Theorem [T^ now follows from these propositions and the fact that the total degree 
of an element of Free^^ of degree ^ is > card(supp(^)). □ 



- d - Proof of Proposition 1.3 



4 



For / € {1, • . • ,«}, there is a unique continuous Lie algebra morphism 



Xy j, if /' < / 



Xj, J, 1-^ < if /' = / 
Xf,_ij, if /' > /. 



Similarly, for j E {1, . . . ,p}, there is a unique continuous Lie algebra moiphism 



^i'j if / < i 



if/ = j 

The proof will essentially consist in the following Lemmas L5, and 1.7 

Lemma 1.5. For each i £ {1, . . . ,n}, we have ^j{5^^ = 0. 
For each j £ {1, . . . ,/?}, we have Pj{8^^^ = 0. 

Lemma 1.6. If cc £ ^(np) ^i^ch that A,(o;) = 0, then the homogeneous compo- 
nent o;^ of a satisfies = 0, unless the i-th line o/supp(^) is nonempty. 
In the same way, if Pj~{cc) = 0, then OJ^ = unless the j-th line of supp(^) is 
nonempty. 



After Lemmas L5 and L6 are proved, we know that p)k~^ unless each line 
and each column of 5 = supp(^) is nonempty. This proves that S should satisfy 
conditions (1) and (2). The fact that S satisfies condition (3) will follow from: 

Lemma 1.7. Let a G F^^^ be homogeneous of degree k. Assume that each line 
and each column o/supp(^) is nonempty. Then a=Q unless k satisfies conditions 
(3) of Proposition [/■4 



So Lemmas |L^, |1.6[ , and [T^ imply Proposition L3. □ 
We now prove Lemmas |1.5|, |0, and |1.7|: 



Proof of Lemma |T3[ If / C {l,...,n} and / c {\,...,p}, let us set k = 
card(/), / = card(7), and / = {/j, . . . ,/^}, 7 = {jj, . . . ,7';} where 1 < /j < • • • < 
< n and 1 < jj < ■ • • < 7'/ < Let us then set 

§IJ ^/lY+p-i^-i^^ . .-k.-.-kx- ■ 

(n,p) ^ ' 'iJi 'iJ2 h^h 

Then we have: 

^{n,p) = L ^(„,p)- 

/C{1,...,«}, 
J(Z{l,...,p} 
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Let /€{!,...,«} and let us prove that = 0: we write 

(«.P) ^ {n,p) {n,p) ' 

/'C{1,...,«}\{0, 
/c{L...,ri 

and we now show that for any {I',J), 

This follows from the following facts: 

• if (p : g — > g' is a morphism of complete graded Lie algebras, and Xj , . . . 
are elements of g' of positive valuation, then 

• we have the identity jCj • • ★x^*0*x^^j * • • • -kXj^ = Xj • • 
The proof of Pj{Sf^^ ^j) = is similar: we write 

(«.P) ^ (n.p) {n.pY 

/c{l,...,Ji}, 

/c{i,...,p}\{7} 

and then show that 

J \ (n,p) (n,p)J 

for any pair (/,/) using the same arguments. □ 



Proof of Lemma |1.6| . It will be enough to prove Lemma [L6| when / = n. Let 
a be an element of F„ p. Set 



V 

ke (B Ne,. .. 
(■■J) 

where has degree k. Assume that A„(a) = 0, we want to show that o;^ = 
unless the n-th column of supp(^) is nonempty. We will now write: 

k I n-th column(supp(^))^0 k \ n-th column(supp(^))=0 

Now Xn{oii^) = as soon as the «-th column of supp(^) is nonempty, so we get 
£ A„(a^)=0 (identity in Fj^ j^pj). (1.2) 

k I n-th column(supp(^))=0 
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There is a unique Lie algebra morpliism i : F^^_^ ^ — > F„^p, taking each Xj j to Xj j. 
We have 

A„ o I = id^ , 

therefore l is injective. Moreover, let be the Lie subalgebra of F„ ^ generated 
by the x^ y, / G {1, . . . j € {1, . . . ,p}. ^ is the image of the Lie subalgebra 

^ C FreCj,, generated by the Xf j, i € { 1 , . . . , « — 1 }, j G { 1 , . . . , /?} under the 
canonical projection Free. —>■ F, Denote by i : Free, , s — > Free, > the 

f J ^ (n,p)^ {n,p) J (n-l,p) (n,p) 

morphism taking each x^ j to x^ j, then the diagram 

commutes. Since the vertical arrows are onto and i : Free, , ^ — > ^ is onto, i : 
Free^^ J ^ =^ is onto. So i : Free^^^ ^ — > ^ is an isomorphism. Now if the 
n-th column of supp(^) is empty, we have a^^ . Apply i to identity ( |1.2[ ), we 
get 

= (identity in F^^_^ ) . 

k I n-th column(supp(i))=0 

Separating homogeneous components, we get o;^ = for each k, such that «-th 
column(supp(^)) = 0. □ 



Proof of Lemma [L7|. Let a G F^^^ be of fine degree k, and assume that 
^ satisfies (1), (2) but not (3). So we have proper subsets C {\,...,n} and 
^2 C { 1 , . . . , /?} such that 

supp(^) C (5i X U (5j X 52). 

The rectangles R = x S2 and R' = S^x S2 are disjoint. Moreover, condition (1) 
(or condition (2)) implies that supp(^) OR and supp(^) CiR' are both nonempty. 
Let(k,. ..),. be the component of ^ in the basis (£,. .\)/. .^^r, 1 n i- Then 

{ij)esupp{k) 

Now there exists j8 G of fine degree k, whose image under Free^^^ 

Ff^^p-^ is a. Moreover, standard results on free Lie algebra (see ||Bo|]) imply that 
jS has the following form: set |^| = ^jg^ n}x{\ p} ^{i jy ^'^'^ ^^'^^ ^ "^^P 
/I : {1, . . . , 1^1} ^ {1, . . . ,n} X {1, . . . ,p} is a^-map if for any {ij) G {1, . . . ,«} x 
{1, . . . ,/?}, card(/i^^(/, j)) = .y If ;U is a ^-map, let us define as the iterated 
Lie bracket 
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Then j8 is a linear combination 



/i£{^-maps} 

where the are scalars. Define as the image of x^ under the map Free^^^ 

^^ie{^-maps} P^^^^^■ -^^j = if ^ is any ^-map. 



F, > . Then a 

(n.p) 

Indeed 



■^M(l)'-^M(2) 



V(3) 



V(lil) 



Then, since RnR' =(d, supp(^) n/? / and supp(^) n/?' / 0, there exists an 
integer v € {1, . . . , [^| — 1}, such that one of the following possibilities occurs: 

• either /i(l),...,/x(v) € /? and /i(v + 1) G /?' 

• or/i(l),...,;U(v) G/?'and;U(v + l) G/?. 

Now the bracket [ji:ce,;c^] vanishes when a G /? and jS G R'. It follows that in both 
cases, the bracket 



■^Ai(l)'-^M(2)I '-^^,(3)1 '•••'■^M(v+1) 



vanishes. Therefore x^ = 0, which imphes a = 0. 



□ 



- e - Proof of Proposition 1.4 



The argument will be an induction over n + p. Assume that the proposition is 
proved when n + p <N and let us prove it when n + p = N + I. Let {n,p) be such 
that n + p = N + I and let S be as in the proposition. We may assume n> p. If 
each column of S has > 2 elements, then 

card(5) >n.2>n + p — l. 

Each column of S has > 1 element by assumption (1), so we can assume that 5 
has a column with exactly 1 element. We may assume that this element is {n,p). 
Let us now set S' = S H {{I, . . . ,n} x {1, . . . ,p}) and prove that S' satisfies the 
analogues (1'), (2') and (3') of the assumptions of the proposition, where {n,p) 
is replaced by {n — l,p): 

(1') for / = 1, . . . ,n — 1, the i-th lines of S and of 5' coincide so the i-th line of 
S' is nonempty; 

(2') for j = 1, . . . ,/7 — 1, the 7-th lines of 5 and of S' coincide, so the 7-th line 
of S' is nonempty. Let us prove that the p-th line of S' is also nonempty. If not, 
we would have (?i-th column of S) U {p-th line of S) = {{n,p)}, contradicting 
assumption (3) on S with = {l,...,?i — 1} and = {1, ...,/? — 1}. Therefore 
all the lines of S' are nonempty; 

(3') assume that there exist proper subsets S[ C {1, — 1}, S2 C {1, . . . ,p}, 
(i.e., nonempty and with nonempty complement), such that 



S' c{S\xS2)u{{{l,...,n-\}\S\)x{{l,...,p}\S2)). 
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Then if p € let us set 5j =S-^yj{n}, and if p G {1, . . . ,p}\5'2, let us set 5j = 5']. 
Then in each case, since S = S' iJ{{n,p)}, we get 

5c(5iX52)U(({l,...,«}\5jx({l,...,p}\52)), 

thus contradiction the fact that S satisfies assumption (3). Therefore S' satisfies 
assumption (3'). 

Now S' satisfies the assumptions of the proposition, with {n,p) replaced with 
{n — \,p). Since {n — \)+p=N, we may apply the induction hypothesis. So 
card(>S") >{n-\) + p-l. Now card(S) = card(S') + 1, so card(5) >n + p-l. 
This proves the induction step. □ 



2 /i-adic valuation properties of universal /^-matrices 



In this section, we first identify a tensor product of QFSH (quantized formal 
series Hopf) algebras as a subspace of the tensor product of the corresponding 
QUE algebras (Proposition 2.1). 

- a - Tensor product of QFSH algebras 

Let // be a QUE algebra. The corresponding QFSH algebra is: 

H' = {x(^ H\ yn G N, 5^")(x) G h"H^"} 
(where 5^'^ = (id— tj og)®" o Aj^'^). We express this condition as follows: set 

n>0 n>Q 

Then 



In the same way, if K is another QUE algebra, we define 

-1 ^ ^ 



Kn>0 



Then O 4'°'^ is a Unear map H^K U H®"®K®p . 

n,p>0 

Proposition 2.1. The tensor product of QFSH algebras H' and K' is 

\n,p>0 J 
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Proof. We will need the following lemma: 

Lemma 2.2. Let , Vj, T2 be vector spaces and let 5j .■ Vj ^ T^, 82 ■' V2 ^ 

T2 be injections. Let 5^, ^2 be vector subspaces ofT^, T2, and set = 5r^(S-). 
Then 

Ui^U2 = {5^0d2r\Si®S2). 



The proposition then follows because the maps 5^'°'^ and 5^'°'^ are injective. 
Indeed, x can be obtained from 5^'°') (x) by the formula: 



□ 



Proof of Lemma Let = lm{d^), = Im(52). Then = 
Im(5i (g)52). So 

WiCTi, W2CT2, IVi^lVj C ^i®^2- 

We should prove that if C , C , then the subspace (W^j n 5^ ) ® ( W2 n ^2 ) 
C Wj (8) W2 is equal to {Wy (X" W2) n (5^ (X'52). Identifying the spaces V- with their 
images Wj = Im(5,) through the maps 5^, we should prove the following state- 
ment: 

Lemma 2.3. Let T^, T2 be vector spaces, and let for each i = I, 2,W- and S- be 
vector subspaces of Tj. Then 

{w^ns^)(^{W2r\S2) = (iVi 01^2)^(51052). 



Indeed, Uy (g) U2 can be identified with {Wy n ) (^2 n 52) through (g) Sj, 
whereas ( (g) ^2 ) ^ ' (^j ® 52 ) can be identified with ( Wj (g W2 ) n (^j (g ^2 ) through 
the same map. □ 



Proof of Lemma |2.3| . Introducing supplementary vector spaces of n S,- 
in W{ and of fl Sj in 5,, we get 



5..: 



{WinSi)®Wi 



Wi + Si = {Wi n 5,.) e Wi e so {W^ +S^)^(W2+S2) is the direct sum of nine 
summands. The subspaces Wj (g W2 and (g ^2 are the sums 



1^10^2 



((w^n^i) (g (IV2 n52))jB ((^1 n^i) ® W2) 
e (Wi (g (^2 n 52)) e (Wj ® W2) 
((w^n 5i ) (g (IV2 n 52))jB n 5i) ® ^2) 
e (5i(g(W2n52))e(5i«)52), 
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the intersection of which is (IVj n ) (g) n 52). □ 
- b - Proof of Theorem |o7T] . 

Let {Uf^{Q),R) be a quasitriangular QUE algebra. Set p = hlog{R). Then 
p G ;i2f/^(^^S2_ porx, y G [/^(0)S"[;i-i], let us set 

Then {— , — } restricts to a Lie bracket 



Its image is actually contained in h}l]j^{Q)®^. According to Proposition 11, the 
statement p G (^^^(G*)®^ is equivalent to 

'^Ss) ® ^Ss)) (/^) ^ ?i"+^t/,(0)®(''+^^ (2.3) 

for any n, p>0. Let us therefore prove this statement: for a,b G h'^Uj^{g)'^^, let 
us set 

air^b = a + b + ^{a,b}f^ + --- ; (2.4) 



the series (2.4) makes sense because of the following fact: if m G Free2 is a Lie 
monomial of degree p in two free variables A, B, and m ({— , — }^^,a,Zj) is the 

image of m by the Lie algebra morphism Free2 — > h'^U^{g)^'' defined by A 1-^ a, 
B i—f b, then 

m{{-,-}f^,a,b)ehP^'U^{sf'. 

Recall that p G h?-Uf^{Q)^^. The quasitriangular identities then imply that p satis- 
fies 

(Aj^^^(^^0id)(p)=pl-3*3p2'3, (id®Aj^^^(g^)(p)=pl-3*3pl.2. (2.5) 

There is a unique Lie algebra morphism 

for each G {1, . . . ,«} x {1, . . . ,/?} (here p' "+^ is the image of p by the map 

taking the first component of ?7^(g)®^ to the i-th component, and the second com- 
ponent to the (« + j)-th component). Then the identities ( [2. 51) imply 
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Let a € Free^^^^j be an element of total degree d. Then we have seen that 
^^,^p){a) G /i^+i[/^(0)®("+P). Since 5^^^^ has valuation >n + p-\, we get 
^(np)i\np)) ^ fi"^''Uf^{Qf^"+Pl According to Q, this imphes identity Q. 
So we get p G iff^{G*)^^. Since we have (e (g)id)(/?) = (id(g)e)(/?) = 1, we get 
(e (g)id)(p) = (id(g)e)(p) = 0, therefore p G (m;^)®^. □ 



3 Proof of Corollary^ 



The space ?7^(0)®^ is a quantization of g x g and ^^(G*)®^ is the correspond- 
ing QFSH algebra. Set c) = g x g, let D* be the corresponding formal group, 
and set Uf^{d) = Uf^ig)^^, fff^{D*) = ^^(G*)^^. Denote by m^(D*) the augmen- 
tation ideal of ^^(D*). Then m;^®! and ^'S'xnj^ are subspaces of m^(D*), so 
p G m^(D*)^. Corollary ^ will follow from the following proposition: 

Proposition 3.1. Let d be an arbitrary finite-dimensional Lie bialgebra, let Uf^(li) 
be a quantization of d, let ^^(D*) be the QFSH subalgebra ofUj^{^), and let 
m^(D*) be the augmentation ideal of 0'^{D*). Let p be an arbitrary element of 

(1) the operation {-, (?7^(3)[/i ']) —* Uf^(d)[h restricts to 

{-,-}, : a2(^,(D*))-^,(D*); 

(2) for any k, I >0, we have 

{m,(D*)^m,(D*)'}^Cm,(D*)^+'-^ 

(3) ^^{D*) = lim (^^^(D*)/(m;j(D*) + /i^^(D*))^) ; let us set 

k 

ada(p)W := {p,x}f„ 

then the exponential exp (ad^(p)) is a well-defined continuous algebra automor- 
phism of fff^{D*); 

(4) We have p G }T?Uf^{d), so exp (^) is a well-defined element of 1 + hUj^ij)). 

Let Ad (exp (^)) be the inner automorphism x ^ exp (^)xexp (^) ^ ofUf^{p). 
Then Ad (exp (^)) restricts to an automorphism of fff^{D*), which coincides with 
exp(ad^(p)). 

Proof. 

(1) fff^{D*) is a subalgebra of Uf^{d), and its reduction modulo h is commutative, 
so for X, y G ^^(D*), [^,3;] G i.e., {x,y}^ G €?^(D*). 

(2) Let e : k[[h]] be the augmentation map. If ;c, j G &f^{D*), then 
e{[x,y]) = 0. So ne({x,y}f;)=0, i.e., £({^^,3;}^) =0, so {^^,3;};^ G m^{D*). There- 
fore {m^(D*),m^(D*)} C m^(D*). Applying the Leibniz rule, we get (2). 
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(3) The first part is contained in [jGap. The second part follows from (2): p € 
mf^{D*)^, therefore ad^(p) {{mf^{D*f) C mf^{D*f+'^ for any k. 

(4) If X € ^fSP*), then x - £{x) € hUf^{X>). If, in addition, x G m^(D*), then 
£{x) = SO X G hU^ly<3). So m;j(D*) C hUj^{^) and m;j(D*)2 c h^Uf^{d). Let us 
now show that the diagram 

Ad(exp(f )) 

T T (3.7) 

commutes. This means that we have the identity (in Uf^{d)): 

exp (ad^(p)) (x) = exp (^|) xexp 

for any x G ^^(D*). To show this identity, let us introduce a parameter t and show 
the same identity, where p is replaced by fp. This means that we have the identity 

exp (ad^(?p)) (x) = exp (^^) xexp 

This last identity follows from the fact that its two sides coincide when t = 0, and 
that they both satisfy the differential equation 

^x(0=ad^(p)(x(0). 

It follows that the diagram ( |3.7| ) commutes. Therefore the map Ad (exp (^)) 
restricts to an automorphism of ^^(D*), which coincides with exp (ad^(p)). □ 
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